Abstract Complicated interacting flow features such as shock-wave, boundary-layer and shock induced combustion are simulated numerically in the current study to investigate the e↵ect of the transverse sonic fuel injection on the air-fuel mixing and flame stabilisation. The flow is modelled using the Reynolds-averaged Navier-stocks (RANS) equations, where chemical kinetics model is employed to compute the finite rates of chemical reactions. Turbulence is modelled using the Baldwin-Lomax algebraic model. Finite-volume scheme is applied where the convective fluxes are discretised by second order accurate Roe?s scheme using MUSCL approach. Second order accurate Runge-Kutta method is used for the time-integration. Turbulent and chemically-reacting supersonic flow of hydrogen-air mixture over a ramp is simulated and the results show good agreement with the experimental data and the published numerical simulations In addition, air-hydrogen flow is studied in a single strut scramjet engine, where mixing and flame holding processes are carried out using fuel transverse sonic injection.
Introduction
Flows with chemical reactions are of interest across a wide range of engineering applications including supersonic combustion, space vehicle reentry, and rocket plume problems. A great amount of e↵ort has been focused in the areas of algorithm development and thermo-chemical modeling for these flows. The modeling of chemically reacting turbulent flows at supersonic speeds has been attempted by many investigators (2; 3). However, the physical and mathematical complexities of this problem have prevented the development of satisfactory models for the turbulence and combustion mechanisms and their influence on each other in a compressible flowfield. A relatively recent review by Cinnella and Grossman (4) provides details on numerical methods for chemically reacting flows. There is still a continuing e↵ort to better understand these complex flow phenomenon.
The objective of the current study is to develop an accurate numerical tool for the simulation of turbulent and supersonic chemically-reacting flows. The code is used to investigate numerically the e↵ect of transverse fuel injection on the air-fuel mixing and flame holding. This work is motivated by the need to simulate flowfields present in a typical supersonic combustion ramjet (SCRAMJET) engine where flame-holding in the supersonic flowfield is attained by providing the necessary activation energy for combustion initiation in very small fraction of time. Shock-induced combustion, or plasma torches are the most feasible flame-holding candidates. However, transverse sonic fuel injection into supersonic air inlet flow is one of the most e cient techniques suggested to enhance both air-fuel mixing and flame holding, as introduced by Drummond (1) . Transverse sonic injection of the gaseous fuel into the air supersonic stream leads to rapid air-fuel mixing. Transverse injection configuration can be manipulated to obtain optimum heat release for a wide range of flight Mach numbers.
The developed code is utilized to simulate the chemically reacting turbulent flows inside scramjet engine. The code is validated by considering several test cases. The code is then used to resolve the complicated flowfield accompanying the sonic transverse injection of Helium into supersonic air flow. The results are compared with the previous results of Kraemer and Rogers experiment reported by Durmmond et al. (26) . In addition, the turbulent chemically non-reacting flows inside scramjet engines are also simulated in the current study. This non-reacting case is simulated for turbulent flow inside single strut scramjet engine as introduced by Drummond and Weidner (26) .
Di↵erent features of turbulent flows, which are generally modeled using unsteady Navier-Stokes equations, can be resolved by time-averaging approaches such as Reynolds averaged Navier-Stocks equations (RANS). It can also be resolved using space-averaging approaches such as Large Eddy Simulation (LES). Large Eddy Simulation solves the filtered spatial-averaged large-scale components of turbulence (on the order of 90% of transport components), where the small scales are modeled. On the other hand, Direct Numerical Simulation (DNS) considers all flow features with all relevant length scales to be resolved from the smallest eddies to scales on the order of the physical dimensions of the problem domain. Despite the shortcomings associated with the statistical representation of time-averaging RANS closures, RANS equations still show e ciency in most test cases. As, it requires much less computational e↵ort than that required by LES or DNS approaches (5; 6). The mathematical model used in the current simulation is the unsteady Reynolds-Averaged Navier-Stocks equations (RANS). Finite-volume discretization is employed for the numerical integration of the governing equations. The second-order Roe's scheme is used for spatial discretization. Total variation diminishing are achieved by using minmode limiter. A two-step second order accurate Runge-Kutta is used for the time integration. Point-implicit scheme is applied for the chemical source term to reduce the sti↵ness of the system. Turbulence modeling based on Boussinseq's assumption, are divided into numerous categories according to the number of the additional partial di↵erential equations. There are the field twoequations turbulence models such as (k-✏) model (7; 8) , and (k-!) model (9) . In addition, there are the One-Equation Turbulence Models such as Baldwin-Barth model (10) . Zero-Equation models require an algebraic equation solution to obtain the turbulent flow properties such as Cebeci-Smith model (11) and Baldwin-Lomax model (12) . Algebraic models are widely used due to its simplicity and robustness although they give inaccurate estimations in strong flow separations (13) . In the current study, zero-equation of Baldwin-Lomax are used to calculate the turbulent eddy viscosity.
In supersonic combustion, the order of magnitude of characteristic time of the chemical reactions is much less than that of flow residence time. Therefore, sti↵ness of the source terms arises from the great gap between the time scales of the coupled governing equations. Full implicit treatment of the governing equations for two-dimensional flows leads to the solution of simultaneous equations in pent-block diagonal matrix form. Di↵erent factorization methods are testified in fully implicit solver (14) . It is found that the iterative method of Lower-Upper Symmetric Gauss-Siedel (LUSGS) method (15) shows the fastest convergence rates for implicit solvers of 2D domains. In order to reduce the computational e↵orts of inverting the flow Jacobians, the convective and viscous flow fluxes are treated explicitly, where only the chemical source term is solved implicitly. This method is well-known as Chemistry-Implicit or Point-Implicit. It is introduced by Curtiss and Hirschfelder (16) . In this case, a mono-block diagonal matrix will be solved. Thus, the computational e↵ort is greatly reduced.
Flux-vector and flux-di↵erence splitting schemes are numerically applied by Grossman et al (17) to simulate chemically and thermally non-equilibrium one-dimensional flows. More extensions for multidimensional problems are presented by Walters et al. (18) , where two reacting mechanisms of H 2 -air are studied. Bussing and Murman (20; 21) used a finite volume point-implicit method with multi-grid accelerator. Shuen and Yoon (22) employed fully implicit finite-volume with lower-upper symmetric successive over-relaxation scheme (LUSSOR). Their model is coupled with chemical kinetics model of 8-species and 14-reactions model (23) . Eklund et al. (24) studied relative merits of Adam and Runge-Kutta schemes. Partial implicit method and the global two-step chemistry model (19) was used successfully by Drummond, et al. (25) to calculate premixed Hydrogen-air reacting flow using a spectral method. Drummond and Weidner solved transverse sonic injection of hydrogen into supersonic air flow in a single strut scramjet engine using the finite di↵erence scheme of MacCormak with complete chemical reaction model (26) . Chitsomboon and Tiwari (27; 28) used also a finite di↵erence method for similar problems.
Mathematical Modeling

Governing Equations
The governing Equations are the Reynolds time averaging Navier Stocks equations. The conservative non-dimensional form of RANS equations for twodimensional flow is written as follows,
Where ↵ is a logical switch between planar and 2D axisymmetric two-dimensional flows. S represents the chemical source term. 
Thermodynamic Model
The mixture enthalpy and internal energy are calculated by summation of the species contributions.
The non-dimensional enthalpy for individual species is determined by:
where:
and h o fm is the species heat of formation. We assume that specific heat coe cient for each species (c pm ) is a polynomial function in temperature (T ) as given by Mcbride et al. (31) . The total mixture enthalpy and internal energy are described as:
where h o fmix , c pmix , andR mix are the mixture's heat of formation, heat coe cient at constant temperature, and gas constant:
The equation of state of the gaseous mixture can be written as,
where (h s ) and (e s ) are the mixture sensible enthalpy and sensible internal energy respectively will be defined as follows,
It can be shown that:
The reference temperature degree (T o ) is set to be the absolute zero to ensure positive sensible enthalpy and sensible internal energy and to enhance the stability of the numerical solution as recommended by Anderson (34) . Also, the ratio of the mixture sensible enthalpy to the mixture internal energy is considered as the "equivalent" specific ratio of the multi-species mixture to simplify the complexity of the thermodynamic relations as discussed by Shuen and Yoon (22) 
So, the relation between the mixture pressure and density to the mixture sensible internal energy becomes,
Turbulent Dynamic Viscosity Modeling
Algebraic Baldwin-Lomax turbulence model is applied to calculate the turbulent eddy coe cient eddy (µ T ). A two-layer turbulence model; where the turbulent dynamic viscosity coe cient (µ T ) is calculated with one of two di↵erent sets of algebraic equations depending on the distance (n) from boundary walls, or jets centerlines:
The turbulent viscosity profile µ T for the two-layer model is calculated as follow,
• Inner Region In the inner region, eddy viscosity coe cient (µ Tin ) is calculated in terms of the mixing length (l mix ), and the vorticity vector magnitude (!) as follows,
The damping factor (e n + /A + ) is eliminated for the cases of wakes and jets.
• Outer Region The eddy viscosity of the outer layer (µ Tout ) is calculated as follows,
The normal distance (n) and velocity (V ) are normalized to (n + ) and (u + ) using the friction velocity (u ⌧ ) and flow variables at the wall surface.
The other terms in equation (24) are written in the following form:
where (u di↵ ) is the di↵erence between the maximum and minimum velocity magnitudes in the boundary layer. So in the wall-bounded domains the minimum velocity equals zero and u di↵ = V max . Besides, (F max ) is the max value of the intermediate function F (n) along a certain line normal to the wall or normal to the centerline of the jet. This function is written as follows,
n max is the normal distance (n) at which the function (F ) reaches its maximum value. This turbulence approach consists of six closure constant listed below according to Baldwin and Lomax (12) :
In spite of the excellent performance of the Baldwin and Lomax method in solving attached flows, it predicts incorrectly the separation point location for strong pressure gradients. Degani and Schi↵ (13) added some modifications to the previous model to eliminate the reasons leading to the model deficiency when used in separated flows. They found that there are dramatic di↵erences in the behavior of the intermediate function F (n) in the attached and separated flows, which have considerable e↵ects on the calculations. It is found that there is one local maximum point in the function F (n), where the global maximum of the function (F max ) can be estimated. However, in separated flows, there will be multiple local maxima. By implementing equation (29) to get (F max ), the global maximum will be selected, which is not considered the right choice. The local maxima far away from the wall or jets represents recirculating zone of high vorticity magnitude. The right choice is to select the nearest local maximum from the wall or jet centerline to be used in the turbulence model calculations with the physical correct values of F max and n max .
Mass and Heat Fluxes Modeling
The di↵usive mass fluxes d mx and d my of the m th species in the x and y directions are written as follows,
D L is the laminar mass di↵usivity coe cient of m th species into the mixture which is assumed constant for all species.. In addition, Sc ref is the problem characteristic "Schmidt number", which is given as:
On the other hand, the heat fluxes in the x and y directions are written as follows, 
Chemistry Modeling
Decoupling between chemistry and turbulence models is adopted in this study. The random fluctuations in the magnitudes of temperature and mass fractions are not considered in the calculations of the species source terms. For chemically reacting non-equilibrium air-Hydrogen system, the combustion process is modeled using a mechanism composed of a number of elementary reactions, not only one global reaction. Each elementary equation can be written as following:
(⌫ 0 ) and (⌫ 00 ) are the stoichiometric coe cients of the reactants and products respectively of each elementary reaction of index (r), where r = 1, 2, .., n r , where (n r ) is the total number of elementary reactions in the mechanism. (k f ) and (k b ) are the chemical reaction rates in the forward and backward directions respectively. The source term of each species of index ("m 00 ) is calculated using the "law of mass action". It is written in the dimensionless form as follows,
The forward reaction rate (k f ) is calculated using the Arrhenius' formula whose coe cients and the temperature exponent is determined experimentally. It is written for each elementary reaction of index (r) as follow,
Air-Hydrogen combustion system is modeled by using the two reactions mechanism suggested by Rogers and Chinitz (19) . This two reactions model includes four reacting species (O 2 , H 2 O, H 2 , and OH), besides Nitrogen N 2 , which is assumed to be inert, because the mixture temperature is not too high to initiate the Nitrogen-Oxides formation;
The forward reaction rates for the two reactions are written as follows,
In equation (42), the units of the universal gas con-
The pre-exponential coe cients for the elementary reaction are function of the equivalence ratio ( ), as follows,
28.95
0.833
Numerical Treatment
The governing equations can be written in the computational domain in the following form:
The finite volume method is used to discretize the governing equations at each cell in the computational domain. Starting from equation (44), the integral vector form for cell of volume (V) is described in the following form:
In the current study, the finite-volume scheme is nodal-centered. The discrete integral vector form of the governing equation for an individual cell is formulated as follows,
Roe's scheme presents an approximate solution for Riemann's problem (i.e. shock tube problem) at each cell face in order to resolve the flow variable discontinuities. Ideal gases frozen flows can be solved by Roe's scheme (32) . This approach was extended by Grossman et. al (17) for chemically and thermally nonequilibrium one-dimensional flows, and then more extensions were presented by Walters et al. (18) for multi-dimensional flows.
In equation (47), E are the convective fluxes at the cell faces in ⇠-direction and ⌘-direction, respectively. The general formulation of the convective flux at the cell interface involves the averaged value of the fluxes at the right and left sides of the face, in addition to the flux jump across the cell interface.
The second term of wave speeds superposition ([[E]]) in equation (48) can be decomposed into three terms as follows,
The averaging of the variable (f ) between the left and right sides of the cell interface is defined by h i. The value of the flow variable at the cell face, which is given by the subscript {} F , is the arithmetic average of the flow variables in the two adjacent mesh nodes;
On the other hand, the jump in the value of (f ), across the cell interface, from the left to the right sides, will be defined as follows,
In equation (49)
, ([[E]]
A ) represents the summation of the wave speeds in ⇠-direction, corresponding to the (n
and ([[E]]
C ) correspond to the two last eigenvalues (U + c |r⇠|) and (U c |r⇠|) respectively, where (c) is the speed of sound. The three vectors are expressed as follows,
(53)
Also, (⇥ ⇠ ) is the expression for:
The expression of the summation of the wave speeds in ⌘-direction is represented in three terms. 
(60)
Determination of the spatial accuracy of the fluxdi↵erence splitting scheme is determined by the calculation of the right and left sides of the cell interface in terms of the nearest mesh nodes surrounding the cell face midpoint. The general form of the primitive-variable calculation at the cell face(i + 1 2 , j) as an example, for first order accurate upwind scheme and second order upwind TVD scheme, is written as follows,
Equation (62) defines the value of the primitive variable for right and left side of the cell faces. To satisfy Total Variation Diminishing (TVD), slope nonlinear limiters (r) are utilized here to eliminate the numerical oscillations formed around the flow discontinuities because of the second order space accurate schemes, and to save the monotonicity of the solution to match with the physical one. The flow variable slope (r)for the left and right sides of the faces of the control volume is calculated as follows,
Minmode limiter is the employed slope limiter. It is defined by a logical expression in terms of the slope of the flow variable, i.e. ⌘ (r), so it belongs to the discontinuous slope limiters of flux limiters which are not expressed by a smooth continuous function. The minmode limiter is written as,
The source of sti↵ness resulted from the chemical characteristic time is eliminated and the computational e↵ort is reduced using point-implicit scheme. This scheme suggested by Curtiss and Hirschfelder (16) by treating the chemical source term implicitly and flow fluxes explicitly. The discretized governing equation can be written as follows,
Time linearization of second order accuracy is implemented to the chemical source term as follows,
where (H i,j ) is the chemical source Jacobian in the computational domain. By treating the source term implicitly, the time step is no longer restricted by the characteristic time of the chemical reactions. Also, applying point-implicit scheme leads to solving mono-block diagonal matrix. The chemical sources are also considered only dependent upon the species concentrations only.
Although the chemical source term is solved implicitly, the value of the CFL number ( ) does not exceed one, due to the explicit treatment of the other flow terms. According to Drummond et al. (25) and Chitsomboon et al. (29) , CFL (CourantFriedrichs-Lewy) condition can be written in the following form:
4 Results
Turbulent Chemically Reacting Flows in a Ramped Duct
The numerical code is also used to solve turbulent premixed Hydrogen-air supersonic flow in a twodimensional ramped duct shown in figure (1) . The duct walls are assumed to be adiabatic. The incoming flow is premixed hydrogen-air at stoichiometric ratio. The problem is solved for two di↵erent inlet temperatures; below and above the ignition threshold which is equal to 1000 [K] . The inlet conditions are described as follows,
The reference length is set to be the longitudinal length of the duct, while the other reference variables to equal to the inlet flow properties as shown below: For each of the two cases, three di↵erent sets of calculations using di↵erent meshes, whose sizes are 31 ⇥ 51, 61 ⇥ 51 and 91 ⇥ 51. They have di↵erent mesh spacing in the stream-wise direction. The most refined mesh is shown in figure ( 2).
Non-reacting Inlet Flow Test Case
In the first test case the inlet temperature is below the ignition threshold of hydrogen-air combustion system (1000 [K]). But, it rises after the oblique shock wave and in the viscous layers near wall surface, to become high enough, i.e. (greater than 1000 [K]), for combustion initiation. The formed oblique shock is considered as detonation wave, as it is responsible in the reaction excitation and sustainability.
Local time-stepping is used for the pseudo timeintegration, where CFL number equals to ( = 0.1). It is clear from figure (3) that convergence is attained after a relatively few number of iterations because a local time step is used instead of smaller global time step.
It is clear from figures (4)- (5) (19) . In figure (6), it obvious that some week shocks formed at the leading edge of the duct in the lower and upper walls, followed by a stronger oblique shock wave, which reduce flow Mach number (M ) about 50% of its value at the duct inlet. Besides, the boundary layer growth is observed, especially at the upper wall, where the boundary layer thickness reaches its maximum value at the duct exit. The maximum variation in the mixture specific heat ratio ( mix ), is about 7.6% relative to its minimum value, which should be considered in the evaluation of frozen flow models. The pressure and temperature distributions are presented in figures (7) and (8), respectively. There is a rise in the static pressure following the oblique shock. It is considered as an evidence of the shock-induced combustion e↵ect to increase the static pressure. However, the maximum temperature obtained at the viscous layers in the lower wall behind the shock, where static temperature is increased to 3300 [K], due to the flow deceleration by the shock wave, and due to the shear e↵ect at the adiabatic walls.
Figures (9)-(14) present the numerical solutions at the normal distance of 0.13 [cm] from the wall. The present numerical solutions of the three di↵er-ent meshes sizes(31 ⇥ 51, 61 ⇥ 51, and 91 ⇥ 51) are compared to the previous solutions of Chitsomboon et al. (30) , and Shuen and Yoon (22) . The present solutions are unsensitive to grid resolution. Also, there is qualitative and quantitative agreement between the current results and the previous solution of Chitsomboon et al. (30) . It is clear that the OH mass fraction solution is greatly dependent on the grid resolution. As, there are sharp fluctuations in its value, initiated at the shock regions. It can also be seen that by increasing the grid size in longitudinal direction, the fluctuations amplitude diminish but the frequency of fluctuations increases. This is due to the poor estimation of Rogers and Chinitz model (19) as discussed by Chitsomboon et al. (28) . In addition, the present solutions give smooth rise in pressure across shock due to the di↵usive e↵ect of TVD scheme. There is a good agreement between the current estimation of the temperature and the published results (30) . (30) and (22) for O 2 mass fraction at 0.13 cm from the lower wall 
Reacting Inlet Flow Test Case
In the second case, when the inlet temperature exceeds the minimum limit of combustion initiation, (i.e. T in = 1200 [K] > 1000 [K]), chemical reactions takes place starting from the duct inlet. However, the static temperature rise at the formed oblique shock wave accelerates significantly the chemical reaction rates.
Local time stepping is used for the pseudo time integration with CFL number equals to ( = 0.1). A fast convergence is obtained after 1200 iterations as illustrated in figure (15) . The density normalized residual is fluctuating below 10 5 .
As shown in figures (16)- (17), it is found that the reduction in Oxygen and Hydrogen mass fractions, and the increase in Hydroxyl and water mass fractions, start from the duct inlet. However, it is clear that O 2 and H 2 termination and OH and H 2 O formation are accelerated after the oblique shock wave. The mass fractions of O 2 and H 2 is reduced after the shock by about 75% and 50% respectively, relative to their values at the inlet.
It is clear from figure (18) that the waves at the duct leading edges become weaker than that in the first case. The variation in flow Mach number (M ) before the shock becomes smoother. That is due to the heat released from the exothermic chemical reactions initiated at the duct inlet. It is important to mention that the maximum static pressure attained in this problem does not exceed 4.0 [bar], which is lower than that achieved by the previous test case of lower inlet temperature. Even though the total inlet total pressure is higher in the second test case, the high static pressure is achieved in the first case. In the first case, the sudden reaction initiation across the shock wave in addition of the shock compression e↵ect lead to sharp rise in static pressure only after the oblique shock wave. The thermal energy produced from the exothermic reactions is distributed in smaller region.
Figures (21)- (25) 
Mixing and Combustion Processes in Single-Strut Scramjet Engines
Non-reacting and reacting turbulent flow field in a 2D single strut scramjet engine model problem are simulated in this study to investigate the e↵ect of the transverse sonic fuel injection on the scramjet engine performance. The configuration of the problem is described in figure (27) as introduced by Drummond and Weidner (26) . The engine length is 0.78 [m], while its width at the inlet is 0.15 [m] . The middle fuel injection strut is 0.258 [m] long and it is centered around the module minimum crosssection, which is located at 0.378 [m] from the inlet leading edge. The half inclination angles of the injection-strut walls are 7.1 degrees. This geometry is a two-dimensional projection for an individual module of an actual scramjet engine design. Supersonic air flow enters from the intake, where gaseous Hydrogen is injected transversely at sonic speeds from four ports at the middle injection-strut located at 0.06 [m] downstream from the minimum crosssection. The injection opening taken to be 0.1 [cm] such that the overall equivalence ratio of air-hydrogen mixture is one. The inlet conditions of both air and Hydrogen are given as follows,
The longitudinal module length is assumed to be the reference length (L ref ), while the air inlet properties is used for the other reference variables as given below,
Only the upper half of the scramjet model is considered in the simulation and symmetrical boundary conditions are applied at the engine centerline. 
Non-reacting Turbulent Flow Case
By isolating the e↵ect of the chemical reaction on the flowfield inside the scramjet engine module, the simulation demonstrates the role of shock system and recirculation zones created around the transverse injection in the mixing process and flame holding. The distribution of Hydrogen mass fraction in that case is used as an to monitor the mixing enhancement using transverse injection. In addition, the static temperature distribution in the non-reacting case is examined to find the combustion-stabilization zones upstream the injectors. Two opposite injectors are placed near the minimum cross-section of the engine in order to guarantee e↵ective mixing process. Also, the mixing is enhanced by raising the injection pressure relative to the air flow to force the fuel penetration into the supersonic main flow. The injection pressure is about 70 times the air flow static pressure.
As shown in figures (29)- (30) for a mesh size of 200 ⇥ 51. Recirculation zone is created in the engine intake due to shock-wave/boundary-layer interactions. Mach number contours show clearly an oblique shock wave originated from the intake leading edge then reflected at the middle strut apex to the upper wall. Shock wave reflection creates a relatively high speed recirculation zone. Then the flow goes through complicated system of shock reflection and separation shock at the module minimum cross-section. The shock waves deflects airflow direction parallel to the injection strut walls leading to large vortical zone adjacent to the engine wall. The upstream vortical flow speed is higher than that of the other downstream recirculation zones which leads to static temperature increase up to 2300 [K] in the turbulent shear layers as shown in figure (32) . The recirculation zone, upstream of the injector at the middle strut wall, extends upstream to pass through the minimum cross-section. H 2 -air mixing is carried out in the vortical flow front of the injection region, as illustrated in figure (31) . After the injection region, the mixture is then expanded, where Hydrogen di↵usively transfers into air as mixing layers.
The solutions of the two mesh sizes (87 ⇥ 31 and 200 ⇥ 51) are compared to each other. Comparisons are carried out in terms of normalized variables to facilitate the evaluation of the di↵erent sets of results. The utilized normalized variables are the axial and transversal normalized distance; x norm , and y norm respectively, in addition to the normalized pressure (P norm ). They are expressed as follows, Based on the simulation results for the non-reacting case, it is clear that there are recirculation zones of low speed and high temperature are created upstream the injection ports. And that helps in the flame self-ignition and stabilization for supersonic combustion. Also, the fuel-air mixing is improved, as the shocks created upstream the injector decelerate the incoming supersonic air flow, in order to be turbulently mixed with injected hydrogen in the transverse direction.
Reacting Turbulent Flow Case
The unsteady Navier-Stocks equations are solved using a minimum time step with CFL number of 0.1. A system of equations composed of eight coupled non-linear partial di↵erential equations are solved. Four reacting species (i.e. O 2 , H 2 , OH, and H 2 O) are considered in the simulation while Nitrogen is assumed to be inert.
A mesh size of 200 ⇥ 51 is used in the simulation of the reacting and turbulent H 2 -air flow inside scramjet engine, which is the greater than the mesh size employed in Drummond and Weidner (26) , and Chitsomboon et al. (29) . The results of this simulation are presented in figures (35)-(39). It is clear from the results that the recirculation zones upstream the minimum cross-section becomes larger compared to the non-reacting case due to the increase in the static temperature inside the injection zone. The static temperature is raised to 3300 [K] approximately in the flow-separation region upstream the injectors. Static temperature increases close to the impact zone of the vortex flow with perpendicular H 2 injection.
Hydrogen mass fraction is nearly zero in the front of the recirculation zones and it is also reduced in the free mixing layer along the engine module as shown in figure (38) which indicates to an enhancement of the mixing and flame-holding processes due to the formation of these vortical structures. The magnitude of water mass fraction demonstrates the extent of the combustion along the flow field. Combustion is mainly initiated and sustained by means of the separating shocks in front of the injected H 2 stream as shown in figure (37). It is clear from figure (39) , that the flame-holding recirculation zones have simpler eddy-structure compared to the non-reacting test case because the separation intensity is diminished as a result of the total temperature increase in the combustion zone.
In figures (43) and (41) present the solutions of temperature and water mass fraction at di↵erent stream-wise stations in the engine. They are qualitativaly compared with the previous solutions of Chitsomboon et al (29) shown in figure (42) and (44). Point-to-point comparison is unavailable, because the x-stations coordinates are not given in ref. (29) .
As illustrated in figures (42) and (41), the H 2 O mass fraction solution of the 87 ⇥ 31-sized mesh of Chitsomboon et al. (29) , is less than predicted by the present solution utilizing 200 ⇥ 51-sized mesh. It is noted that the magnitude of H 2 O does not significantly change as an indication of fuelair mixing e ciency in the recirculation zones. In addition, qualitative analysis between the normalized temperature of previous solution and the static temperature of the present solution shows resemblance in temperature field downstream the injectors While the present solution predicts almost constant static temperature in the front recirculation zones.
The results of the normalized pressure on the engine upper wall surface are compared with the calculations of Chitsomboon et al. (29) . In figure (45), the normalized pressure is presented along the whole engine module, where the normalized pressure for all solutions equal to unity at the injection zone. The previous solution of the reacting case agrees with the non-reacting solution of the same mesh size (87 ⇥ 31). The normalized pressure is given as follow, 
Conclusion
Development of scramjet engines of satisfactory performance requires enhancement of the fuel-air mixing and flame stabilization. The e↵ect of transverse sonic fuel injection on fuel-air mixing and flame stabilization is investigated numerically in the current study. A numerical tool is developed using the Reynolds Average Navier-Stokes equations. Chemical kinetics model is employed to compute the finite rates of the chemical reactions. Zero-equation of Baldwin-Lomax are used to calculate the turbulent eddy viscosity. Finite-volume scheme is applied where the convective fluxes are discretized by second order accurate Roe's scheme using MUSCL approach. Second order accurate Runge-Kutta method is used for the time-integration. The convective and viscous flow fluxes are treated explicitly, where only the chemical source term is solved implicitly in order to reduce the computational e↵orts of inverting the flow Jacobians. The problem of Helium transverse sonic injection into supersonic air flow is simulated and the results are compared with the previous investigations. In addition, air-hydrogen flow is studied in a single strut scramjet engine, where mixing and flame holding processes are carried out using fuel transverse sonic injection. The simulation shows that high adverse pressure gradient is created near the injection zone. Thus, a separation shock is formed with a recirculation zone in front of the injection region and the combustion process is sustained.
The results are compared with previous numerical and experimental investigations and the results are in good agreement with the published data.
